Abstract. We theoretically study the macroscopic quantum entanglement in superconducting flux qubits. A phase-coupling scheme is proposed to offer enough strength of interactions between qubits. It is shown that due to the two-qubit tunneling processes both the ground state and excited states of coupled two flux qubits can be Bell type states, maximally entangled, in experimentally accessible regimes. The parameter regimes for the Bell states are discussed in terms of external magnetic flux and Josephson coupling energies. We also investigate two types of genuine three-qubit entanglement, known as the Greenberger-Horne-Zeilinger(GHZ) and W states. While an excited state can be the W state, the GHZ state is formed at the ground state of the coupled three flux qubits. The GHZ and W states are shown to be robust against external flux fluctuations for feasible experimental realizations.
Introduction
Entanglement is the key concept in the quantum information science. Recently the realization of entanglement in experiment has been widely studied. For photonic, atomic and ionic systems the bipartite and tripartite entanglements have been demonstrated experimentally. However, in solid state systems the experimental realization has hardly been achieved. Only partial entanglements have been reported [1, 2, 3, 4, 5] . Recently two coupled phase qubits showed a Bell state at an excited level (eigenstate) with high fidelity [6] . In that experiment the interaction between two phase qubits is tunnel-type coupling which corresponds to simultaneous two-qubit flipping.
In this paper we study the multi-qubit tunnelling processes to achieve the maximally entangled states for tripartite as well as bipartite systems consisting of superconducting flux qubits. We show that the multi-qubit flipping processes are essential for obtaining the maximally entangled states in appropriate parameter regimes. When the strength of (Ising-type) coupling is sufficiently strong, we found that the multi-qubit tunnellings become dominant over the usual single-qubit tunnelling. We introduce a phase-coupling scheme [7, 8, 9, 10, 11] for a strong coupling. For the coupled two-qubit system it is found that the Bell state can be formed at the ground state of the Hamiltonian. On the other hand, the three-qubit system show the GHZ state at the ground state whereas it produces the W state at an excited level.
We use the Q-measure [12] for the entanglement of tripartite system, while calculating the concurrence [13] for the bipartite system. By calculating the peak width of these entanglement measures we show that the maximally entangled states in our study are robust against noises. 
Bell states
The Hamiltonian of two coupled flux qubits in Fig. 1(a) is given bŷ
where M ij = (Φ 0 /2π) 2 C i δ ij with the capacitance C i of the Josephson junction is the effective mass,φ = (φ L1 , φ L2 , φ L3 , φ R1 , φ R2 , φ R3 , φ ), and the effective potential U eff (φ) =
The boundary conditions in the left and right qubit loops and the connecting loop are given by 2π(
, where the effective potential becomes in the rotated coordinates
Here,
)/e 2 and the conjugate momentum iŝ
In Fig. 2 we show the effective potential U eff (φ p , φ m ) for a weak and a strong coupling. For a weak coupling, E J ≈ 0, the single-qubit tunnellings between two nearest neighbor states are dominant over the two-qubit tunnelling through a potential barrier denoted as a solid line. However, for a strong coupling in Fig. 2(b) the same pseudo-spin states have much lower energies than the opposite spin states. Then as shown in Fig. 3 (a) the potential barrier for the singlequbit tunnelling t 1 is higher than that for t a 2 and the energy difference between two states | ↑↓ and | ↓↓ becomes large. As a result, the two-qubit tunnelling t a 2 between | ↓↓ and | ↑↑ states become dominant over t 1 . In the meanwhile, since the wavefunction overlap between | ↑↓ and | ↓↑ states in Fig. 3(a) is too weak, the two-qubit tunnelling amplitude t b 2 between these states is negligible.
In Fig. 3(b) we show the concurrence calculated from the tight binding Hamiltonian using the tunnelling amplitudes obtained above for a strong coupling, E J = 0.6E J . The peak width along the f p axis is not so large, but we found that it is larger than the flux fluctuation 10 −6 Φ 0 in usual experiments [14] . Thus the maximally entangled states will be robust against noises. 
GHZ and W states
For a tripartite system we introduce the coupled three flux qubits in Fig. 1(b) . By using the boundary conditions, φ q1 + φ q2 + φ q3 = 2π(n q + f q ), (φ a1 − φ c1 ) − φ a + φ c = 2πr, and (φ b1 − φ c1 ) − φ b + φ c = 2πs, with q ∈ {a, b, c} and integers n q , r, s, we obtain the effective potential U eff (φ a3 , φ b3 , φ c3 ) as shown in Fig. 4(a) . Here we introduce rotated coordinates,
In Fig. 4(b) we plot the potential wells corresponding to the arrows in Fig. 4(a) , which shows that for a strong coupling of E J /E J = 0.9 the three-qubit tunnelling t a 3 is dominant over the other tunnellings. In this study we use the Q factor for the global entanglement measure; for tripartite system Q = 1 for the GHZ state and Q = 8/9 for the W state. In Fig. 4(c) we show the value of Q measure in the (f α , f β ) plane. For a strong coupling we can see a asterisk shape of maximally entangled state of Q = 1 (GHZ state). However, along the axis of f γ ≡ (f a + f b + f c )/ √ 3 the Q-measure shows a rather sharp peak. We analyzed the peak width of the Q-measure envelop to find that the peak width depends on the three-qubit tunnelling amplitude t a 3 . Since for a strong coupling t a 3 is large as shown in Fig. 4(b) , the GHZ state is robust against external fluctuations. On the other hand, the W state |Ψ W = (|↑↓↓ + |↓↑↓ + |↓↓↑ ) / √ 3 can be formed by virtue of the two-qubit tunnelling processes. For a strong coupling, the three-qubit rather than twoqubit tunnelling amplitude is enhanced. Thus we need somewhat weak coupling. However, if Figure 4 . (a) The effective potential of three coupled qubits in Fig. 1(b) in the (φ p , φ c ) plane for a strong coupling of E J /E J = 0.9. Here t a i is i-qubit tunnelling amplitude. (b) The potential wells corresponding to the lines in Fig. 4(a) as a function of φ γ ≡ (φ p +φ c3 / √ 2)/ √ 3, which shows that the potential barrier for three-qubit tunnelling is much lower than those for other tunneling processes. (c) Q-measure for the entangled three-qubit system as a function of rotated fluxes, f α ≡ (f a − f b )/ √ 2 and f β ≡ (f a + f b − 2f c )/ √ 6. Around the central region we see the maximally entangled state (Q = 1) corresponding to the GHZ state, |Ψ GHZ = (|↑↑↑ + |↓↓↓ ) / √ 2.
the coupling is too weak, the states, |↑↓↓ , |↓↑↓ , and |↓↓↑ , in a W state become mixed with the states |↑↑↑ and |↓↓↓ in the GHZ state, reducing the entanglement. Therefore, for some intermediate coupling we can obtain the W states in excited levels [15] .
